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In [2] W. Rautenberg proved that (the content of) any 2-element matrix is finitely axiomatizable and asked if the same is true for any finite matrix. This conjecture was disproved by P. Wojtylak, who in [5] (see also [4] ) costructed a 5-element matrix with 2 designated elements, which is not finitely axiomatizable. Recently, W. Dziobiak presented in [1] a 4-element algebraic matrix (i.e. a matrix with one designated element) with the same property. His example and Rautenberg's result mentioned above led Dziobiak to a natural question (also suggested by Wojtylak in [5] ) whether nonfinitely axiomatizable matrices exist among the 3-element ones. In this note we give two such examples, both of which are algebraic. We also show that up to isomorphism these are the only nonfinitely axiomatizable 3-element algebraic matrices with one binary operation • of which x•(y •z) is a tautology. This term is also a tautology of both Wojtylak's and Dziobak's matrices and plays an essential role in their proofs and also in the ours. We know nothing about the existence of nonfinitely axiomatizable matrices for which neither x•(y •z) nor (x•y)•z is a tautology. In our proof of nonfinite axiomatizability we are using the method of [4] , [5] and [1] and we borrow some formulations from [1] , [5] and [7] .
Our language Λ is determined by an infinite set of variables
and one binary connective •. The set of all terms (formulas) of this language will be denoted by F . The length l(t) of a term t is the number of variable symbols occuring in t. We say that a term t is left-associated if t ∈ Var or t = s • x, where s is left-associated and x ∈ Var. Similarly, a term t is right-associated if t is a variable or t is of the form x•s, where x is a variable and s is a right-associated term. We adopt the following conventions: the symbol • will be systematically omitted and when parentheses are missing we assume association to the left. A homomorphism from F to a Λ-algebra is also called a valuation. We assume that the reader is familiar with the notions of logical matrix, valuation, tautology, standard inference rule and validity of a rule in a matrix. The set of all tautologies of a matrix M is denoted by E(M ). Given a set R of inference rules and a set X of terms the set Cn(R, X) of all R-consequences of X is defined to be the smallest superset of X closed under all rules of R.
Two matrices are isomorphic, if there is an isomorphism between them. Clearly, two isomorphic matrices are either both finitely axiomatizable or both nonfinitely axiomatizable. Throughout the rest of the paper, whenever we say "matrix", we mean a matrix with one binary operation.
Let M be a 3-element matrix satisfying
Then up to isomorphism
where the operation • is given by one of the tables (I) through (VIII) on the following page. For n = 1, 2, . . . , 8, let M n be the matrix determined by the n-th table, according to this enumeration. 0 2 2 2 1 1 2 2 2 2 2 2 (V )
• 0 1 2 0 2 2 2 1 2 2 2 2 2 2 2 (VI)
• 0 1 2 0 1 2 2 1 2 2 2 2 1 2 2 (VII)
• 0 1 2 0 2 2 2 1 2 2 2 2 1 2 2 (VIII)
The main fact presented in this note is the following
Outline of the proof. The matrices M 1 , . . . , M 6 are axiomatized as follows. This matrix was used in [7] to show that the consequence operation of a finite matrix needs not to be finitely based. The fact that R 5 axiomatizes M 5 was first shown in [5] .
(VI) Clearly, M 6 is axiomatized by R 6 = {xy}.
In order to prove the theorem it remains to prove that M 7 and M 8 are nonfinitely axiomatizable.
For each natural k let
For n = 7, 8 the set of tautologies of M n of the form
where m is a natural number and v i ∈ Var for each i = 1, . . . , m, is nonempty. On the other hand, let R be a set of rules valid in M n with the property that l(t) < k for any rule X, t ∈ R. It can be shown, that no tautology t of the form (2) has a formal der(IV)ation on the grounds of R. Therefore E(M n ) = Cn(R, ∅) nad R does not axiomatize M n . In particular, M n is nonfinitely axiomatizable.
Remark. Our discussion implicitely covers also 3-element algebraic matrices with one binary operation • satisfying (x • y) • z rather than (1), i.e. the matrices in which every non-tautology is right-associated. This means that among the eight such matrices there also are exactly two nonfinitely axiomatizable. None of the classical connectives satisfies any of these two conditions. We would like to know, if there is a finite nonfinitely axiomatizable matrix, which admits both left-and right-associated nontautologies, i.e. which satisfies neither (1) nor (xy)z.
